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10. Moving Control Volumes
In Section 7 - Control Volume Concept, we noted that a control
volume is a fixed volume in space. In other words, the location of
the control volume cannot change. However, in some cases the
control volume does move thereby violating the requirement that
the control volume be fixed in space. There are ways that we can
continue to use control volume concepts even though the control
volume moves in space.
Consider a pipeline located within a moving vehicle such as a train.
Let’s assume that the train or moving body moves with a speed of
X. Let’s further assume that the fluid within the pipline located on
the train moves with a speed of V. With respect to a stationary
observer, say an individual standing on the side of the train tracks,
the fluid in the pipeline is moving with a speed of V+X. With respect
to a stationary observer, the flowrate through the pipe appears to
be greater than it really is as we would multiply the combined
velocity of the fluid and the moving body by the area of the pipe.
Clearly this overestimates the true discharge through the pipe.
We can convert the moving control volume into a stationary control
volume by applying a velocity vector equal in magnitude to the
moving control volume and opposite in direction as illustrated in
Figure 2- 167. The discharge through the pipe with respect to a
stationary control volume is the velocity V-X times the area of the
pipe. An area in hydraulics where treatment of moving control
volumes is particularly useful is on moving vanes in an impeller.
An impeller is a device in a pump that converts kinetic energy into
pressure energy. An example of a small impeller pump is shown
in Figure 2- 168. Impellers are circular in shape, but there are many
different sizes and designs. Regardless of the shape or design,
impellers make use of a series of vanes to convert the kinetic
energy to pressure energy.
© 2002-2022 WaterWare Consultants. All rights reserved.
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Figure 2- 167 - Converting a Moving Control Volume to a Stationary Control Volume

Figure 2- 168 - Impeller for a Swimming Pool Pump (Courtesy of www.inyopools.com)

A pump uses a motor to convert electrical energy to mechanical
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energy, i.e. kinetic energy. The impeller, on the other hand,
converts the kinetic energy to pressure energy. We can use similar
concepts to examine the behavior of a turbine which is a device
that converts mechanical energy to electrical energy. Likewise we
can examine the behavior of a water wheel which converts fluid
power to mechanical energy. Turbines and water wheels make use
of momentum, through a moving control volume, to generate
power.
A Pelton Wheel is a device that transforms a moving jet of water
into circular motion as shown in the video below. The Pelton Wheel
is connected to a shaft which, in turn, is connected to a generator.
The jet of water strikes the Pelton Wheel causing it to turn. The
rotating shaft, which is connected to the generator, causes a
magnet to move within a coil of wires. The moving magnet within
the coil of wires generates electricity – Ampere’s Law.

Figure 2- 169 - Pelton Wheel in Action

Consider the turbine with blades that radiate outward from the eye
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of the turbine as shown in Figure 2- 170. We can draw a control
volume around a single vane as illustrated in Figure 2- 171. Notice
that blade is motion is initiated by a jet of water striking the blade.
Thus the blade rotates. The speed of the blade in the x-direction
is u. The velocity of the fluid striking the blade is V.

Turbine Blade

V
Figure 2- 170 – Fluid Striking a Turbine Blade

We can convert the moving control volume into a stationary control
volume by adding a velocity vector with a speed of u in a direction
that is opposite the direction of the moving blade. This is depicted
by the stationary control volume. If we assume no losses, then the
velocity of the fluid leaving the control volume is equal to the
velocity of the fluid entering the control volume as illustrated below.
𝐸 =𝐸
𝑍 +

𝑃
𝑉
𝑃
𝑉
+
=𝑍 + +
𝛾 2𝑔
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Figure 2- 171 - Turbine Blade

Section 1 and 2 are open to the atmosphere so P1 and P2 are zero.
Furthermore, if we assume that the elevation difference over the
length of the blade is small, then Z1 = Z2. For a turbine that is
oriented horizontally this is true, and for a turbine blade that is
oriented vertically this is most likely a reasonable assumption.
Consequently we have:
𝑉
𝑉
=
2𝑔 2𝑔
Which means that:
𝑉 =𝑉
If we apply momentum to the X-direction to the stationary control
volume we have the expression below. Note that the only external
force acting on the system is the restraining force Fx.
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−𝐹 = 𝜌 𝑉 , 𝑄 − 𝜌 𝑉 , 𝑄
We find an expression for V2,X as shown below. Also note that the
density and flowrate leaving the control volume is the same as that
entering the control volume.
𝑉 , = 𝑉 cos(𝜃)
Now we have:
−𝐹 = 𝜌𝑄 (𝑉 cos(𝜃 ) − 𝑉 )
We rearrange the expression above recognizing that V 1cos() will
always be less than one.
𝐹 = 𝜌𝑄𝑉 (1 − cos(𝜃 ))
Eq. (2- 172)

In reality there is no restraining force on a turbine blade so the
blade will move. The moving blade produces work. Recall from
elementary physics that work is force times displacement.
𝑊 = 𝐹𝑑
Power is the time rate at which work is done.
𝑃=

𝑊 𝐹𝑑
𝑑
=
= 𝐹 = 𝐹𝜇
𝑡
𝑡
𝑡

Displacement over time is velocity. Therefore the power produced
by a moving turbine blade can be expressed as:
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𝑃 = 𝜌𝑄𝑉 (1 − cos(𝜃 ))𝜇
Eq. (2- 173)

10.1.

Example #1 – Power Produced by Turbine Blade

Compute the horsepower produced by the turbine blade shown in
Figure 2- 172. Water is discharged at a rate of 0.8 cfs through a 1inch nozzle that is directed at the blade.

2

V

45o
u = 90 ft/sec
V

Y
X

1

Figure 2- 172 - Moving Turbine Blade for Example #1

Using continuity we can find the velocity of the water striking the
blade.
𝑓𝑡
𝑄
0.8
𝑠
𝑉= =
= 146.68 𝑓𝑡/𝑠
𝐴
𝜋 1
𝑓𝑡
4 12
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The power produced by the water striking the turbine blade is found
from the expression below. We need to pay attention to units – so
units are shown in the calculation.
𝑃 = 𝜌𝑄𝑉 (1 − cos(𝜃 ))𝜇
𝑠𝑙𝑢𝑔𝑠
𝑓𝑡
𝑓𝑡
𝑓𝑡
(1 − cos(45)) 90
= 1.94
0.8
146.68
𝑓𝑡
𝑠
𝑠
𝑠
𝑓𝑡 − 𝑠𝑙𝑢𝑔𝑠 − 𝑓𝑡
= 6,000
𝑠−𝑠
We know from Newton’s 2nd law that:
𝐹 = 𝑚𝑎
Using the English system of units we have:
𝑙𝑏 = 𝑠𝑙𝑢𝑔𝑠

𝑓𝑡
𝑠

So the power produced by the water striking the turbine blade is:
𝑃 = 6,000

𝑓𝑡 − 𝑙𝑏
𝑠

We know that 1 horsepower (Hp) is equal to 550 ft-lb/sec.
Therefore the horsepower produced by the water striking the
turbine blade is:
𝑓𝑡 − 𝑙𝑏
𝑃 = 6,000
∗
𝑠

1 𝐻𝑝
= 10.9 𝐻𝑝
𝑓𝑡 − 𝑙𝑏
550
𝑠

© 2002-2022 WaterWare Consultants. All rights reserved.

